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1. Setting up the Problem. In the present article we consider the solution
of van der Pol's equation

e e R AR N R

d?x/at? - n(1 - x?).dx/dt « x = 0 (1.1)
for large values of the parameter n.

In the xp-phase plane the eguation (1.1) is transformed in the form following:

pp' - n(1 -x2)p + x =0 (p = ax/at) (1.2)

where the prime designates differentiation with respect to X.

The sollution of this equation possesses the character schematically represent-
e @PPewdni, ;

ed in figure 1 (for the limit cycle). F;jwre I om

It is well known that in the domain I and in the éomain III the solution of
equation (1.2) tends correspondingly to the solutions of "abbreviated" equa-

tions following:
pp! - n(l - x2)p=0 (1.3)

i

-n(1-x)p+x=0 (L.1) |

However, the domains in which these two limit solutions are applicable do not
come in contact with each other and therefore it is impossible to join these A
solutions. It is not known how to select the constant of integration in equa~ i
tion (1.3) in order that during analytical extension of the solution into do- \
main IIT this solution would pass over into that solution which tends to the 4
solution of the second equation (1.3). :

In the present work we introduce two "comnecting" domzins IT and IV for which
we establish particular asymptotic solutions of equation {1.2) that differ

from the solutions of the "abbreviated" ecuations (1.3) and (1.4). The domains
1, II, III, IV intersect and thus we can find a complete solution for the en-
tire cycle with an accuracy up to magnitudes of any order of smallness relative
to n.

2. The Solution for the Domain I. Designating by a1 and a, the values of x for
which p = 0 (for the limit cycle we have a) = ap = &, where a is the ampli-
tude of stationary self-excited oscillation), we define two parts of the domain

I so that we have:
- lpepxy 8y - € ex0 andp O
—ap4e L x4l - pe0 and ex0 .

r the solution in one of the parts of

Obviously it is sufficient to conside
We seek the solution in the form:

domain I, for example in tgg first part.

% s p = ﬁi:lfnéx). . (2.1)

n=0
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Substituting (2.1) into (1.2) end equating cl)efficientﬁ with identical powers

| of n, we obltaln a recurrence system of equations: (hote W
T EREED
- 2 - - - "
gy =1 -7 fofl® - *. oy = Bf e B a T ;Z‘ £,8) 7 (2:2)
the solution of which ig blementary. Thus for the first two functions we have:
To(x) 2 e+ X = x3/3 ..7.
- 2 L
£(x) = X [lee1 - x/x ) - ¥log {2z 4% 102 1_39.’1..____2_/ +
2
¥ - Ll-(xl - 3) _-/
1
_,_1%_:_2-&______3_____3%. //arctan xaexy - arctan _._..._l-—-——-//
B (3%;2 - 12)7 (3x,2 - 12)7 /

2.8
Here in (2.4) %4 designates the real (positive) root of the equation
£,(x) = ¢+ X = £3/32 0 end it is assumed that © N 2/3

(which holds for the 1imit cycle, for example) .

The functions I (x) possess a singularity in the neighborhood of the point
x = ¥, . From the gystem (2. 2) it is easy %o clamfy the nature of these

singularities, namely: a1l n 0“;’ ol .
£5(x) Nl_log(x -xl)__L / (x - xl) n:l-rt:?m"a- (2.5)

pe meter 'nu
(note: the n's here are meant to am's, not the parsmeter "mu'. )

Hence it follows that the ceries (2.1) preserves its asymptotic charagter up

to those values of x satisfying the condition O0(xy - x) A\ 0(log n/ n )

j_note- the n's here are the parameter Nt /. (hote* "n'
ere s Hhe
Fammefpr :
wu'e

In particular, the series (2.1) is an psymptotic series for X =x - o(1/n).
In this case P will be of the order of unity. This information will be used
later on, ’

Expanding the first three functions fn(x) in the neighborhood of Xy we get:

£ (x) = ~(xg? - Dl - m) - mlx e 52 - (x = x)7/3

fl(x) - mmpTTtTT Log(l - x/xl) + g - (1’1 - 1)_2(:1 - zl} -

2 L
_f_l.E.Jfl_:_L_&.)._ (x = xl)z + :fl__:.;:fl_,n__,(x - x1)3 .
6(xy2 - 17 9(xy” - 1)

2 +%1)
Y 2_(__ ‘ ,}_j_é_(_.'_——‘—-— .Jr- et
et - D

2 Z
G+g)% | ‘M(*l—‘") ’Q”al‘o ‘>+\.H

s 2
(\;?’-—173 X— % Z()ﬁl ——'—D

Jhere 3= E(("’ o 26 Ty "-Q/’ﬁj(i—@] (2:7)

X, VY\

(2.0

T
el

[
N
1
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We will conduct here & proof of the convergence of the series §2.1). This ]
proof ig obtained from a consideration of the solution of (1,2) by the me- | -
thod. of successive approximation: : i

po! =nll - %2), seever Pmpl =n(1 - x?) - %/Py

which converges in the domain I. After which, evaluating the difference (an-l)
b p_ - we are convinced thab the difference possessen the order 1/n :

17 ] l
hénce it st be convergent - nanely, the expansion (2.1) (at least the agymp- .
totic difference). i -

3, The Solution for the Domain I11. The domain II is the nelghborhood of the |
points P = 0, x=87 » ¥F - 2, . Let us consider for the sake of definiteness -
that part of domain }I corresponaing to the neighborhood of point P = 0,
x = a,. Let us introduce the varigble @ = -np and find x as a function of .
The equation (1.2) is rewritten in the following form: 7
1 q - ;
" g e o e S e C}l‘ "'j
dx/dq = 720 TTy(x% _ 1) - x

TLet us represent the solution of this equation 1n the following form:
)

x =z: iim(q)a n—-Zm (note: capital X, X, is meant to be
=0 , the Greek letter tepit,) (3.

Substitution of this expression into the equation (3.1) gives the recurrence ]
system of the equabicns for the determination of the chi functions Xm( q) . We get: :

I

X(') =0, X’O R
olag2 =D -8 0= 90 ola® - 1) - 8y %p' = (1 - SRS (3.3) y
...................... -
v+ Py = ! |
[ole,? - 1) - 8y T%h = D% IR SP qZ K, TpXy | | cogm

=1
o, .Y oLpL™

GSTE0
The solution of this system is elementary. For the first two function X a) we get:
xy(@ = = |_ A &030-—“‘1”' Y]
1 ar—\ T aE—1 , @ )
al - acHl Y fact! o) gt
e Gl + L [AREL a0 — 26D
XZ(G.) DL{_%‘(&H 3%&% 7 |‘i§- (l 7) I

(aF— a, @ ayt—1

W il a0 l@,“,ﬁi:' NE oo
\—aDCo\r-—m/a, l(ﬂn-ﬂ)% A aﬁ %

The functions Xm( q) possess gingularities for q > & /(a12 - 1) end for

q > Tet us clarify the nature of %hese singularit%es. From the formulas
(3.4) it is seen that for a -‘pe.l/(al - 1) the function Xl possesses a
singularity of the form logll - w) &nd X2 POSSEsses & singularity of the
form (1 - w7 .log(l - u), where u = q(a% - 1)/ay . Hence from the bystem
(3.3) it's easy to obtain that in general

-y

X~ _:g{a:(,__—— Th
n | —wu (3
Hence 1t follows that the series (3.2) preserves its asymptotic character up %o
velues of @ that satisfy the condition

2
0 ( 8y/(a" - 1) - ¢) )\ O (log n/ n?) (note: "n" is the parameter)
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Simllarly for large negative values of q we obtaln x1~q y & “'qz and in
general X N ¢ . Thus for pegative values of 4 the series (3.2) preserves
ite asymptqtic character up to values of o limited b¥ the inequality

0(q) 2 0(n®). In perticuler, the ssymptothe convergence holde for @ & -1

(p=1).

The proof of the convergence of the series (3.1) will not be carried out here.
; This proof is easlly to obtain from the golution of the equation (3.1) by bthe

method of successive approximations, getting:
z Za ax._ ,/da = .
o ) 1 = - z
1 i n cb(,( — |)_ X .-

In order to Join the solutions obtained for the domeine I and 11 it is neces-
1ue of the constant

sary to determine the constant aj relative to a given va.
¢ in (2.3) or, vhat 1s the seme, relative to the value of xp . Since the serles
(2.1) converges asymptotically #% up to values of X for which D = 0(1), end for
game velues the series (2.3) converges, then we can Jjoin the golutions (2.1)
end (3.2). Setting in (2.1) and (3.2) p=1 (q= -n), we obtain two eque~

tions with two unkmowns x* and ay w
R
- -2
1=n _S_;fm(x*) n em xH =Z Xm(- n). n = (3.5)
m=0

’ m=0
The solution is handled thus: from the first egquation of (3.5) we find x* and

then from the second equation of (3.5) we £ind aq relative to the found X¥ —=-
which a3 enters into the expressionsfor the functions Xm( a) .

the functions I (x*) their expressions (2.6) we will find

x* hy the method of iterations. W8 gesire to obtain % with definite accuracy

end therefore we shall stop the i1teration process at the point where the next

jteration will not change the magnitudes of a given order of smallness relative

to the parameter I. Thus, for example, the functions written in (2.6) are

sufficient for calpulation of x* with an accuracy up to the magnitude of the
WYith an accuracy upP to the magnitude of the order of

order of logn/ B .
1/n’ , we ik obtain after three iterations the following:

Substituting for

o n K.

K= W T 2 (xF—N* (3.6)

% £ x T\ den 2+ 1
’;\"‘{mz 91)‘5 ) (%=1 ~ (x—D +<¥l1_w.')3] % ¥ ( \q?)‘

Proceeding in exactly the same manner with the second equation of (3.5) we
obtain for 27 the following expressiont g

gn _2X | T_2n ) T

opn = <3 heg 6 ) =5 +OG=) (3.0

= x —_—
z
25T T ()

L, ‘The Solution for Domain I111. The domain III is defined by the interval of

variation of the variables

al—e>x51+e. p £0 and e 30

-a2+e4x£-1—e, p\O and e {0 .

The domain 111 possesseso%gp}giﬁgance essential for relaxation oscillatidns
in the sense

that when theAsystem falls into this Bomsin the system passes over
with a great degree accuracy into stationary gelf-excited oscillations. Ve shall

remaln at length here to obtain the solution in this domain.
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Pirst of all we shall find the partial solution satisfying the condition
P30 for x »e0. Let us designate this solution by P(x). This is ex-
actly that solution for which the solution of the second abbreviated van
der Pdde equatitn represents the mein term of the expansion. Let us assume
therefore '
P(x) = - + 7 (% (b1
Y =) )
(we shall consider that part of the domain 111 foy(:hich p 2 0). Then for the
functisn T(x) we obtain the following equation:
z_NT A | L
/ 2 (¥ D w ) ] 2 M=
77')<)"’"[Y\ =D e TR =

Considering the first part of equation (4,2) as the free term we reduce
equation (4.2) to an integral: 5 3
n2i(x) [ -n7x(E)
e T

m(x) = F(x)/n3 - (n/x).(x2 - 1).e maf . (h3)

where N ) O?-Y\7'I<(E) E(EE_H‘) o0
Fx) = D=)e S e G d&
* X

RIS N
kG = 7 * (5{% L
henée . k(l) =0, k(x) )0 for x\ 1 and k'(x) = (::2 - 1)2/x AR

Purthermore it is easy to see that F(x) = 0(1). Actually, by integrating
(l4.1) once with respect to parts for which we multiply the integrand function

and divide by k'(€), we obtain

oo

! . 3

(DX __><7"—~\ koo e~ z'kﬁg)ﬁs-“"?—% +2§ A% = o0
FOO=CENF T X - é (g2—1° §

and moreover since P(x) 3. 0 and the integral term in the last expression is

itive, we then b
pos ve, we en have F(x) _é (x2+1)X/(X2- 1)“’ (“‘-5)

Conducting further integration by parts in equation (4,3) we reduce it to a
nonlinear integral equation: X 2
n?%( x) ,( (%)

2 3 -n 2 2 Y
r(x) = B fnd « 3 3 L e e (& 122
o2 (. 6)
Finally replacing the sought-for function according to the formula:

e (x) = ZX.W(X)/(XZ -1 (note: the Latin letter (4.7)

nghys really the Greek
letter omege.

nzlc(x) —n?k( ) 2
.e e w( )a (L4.8)

we shall for w(x) the integral equation

wix) = f(x)/n3 4 nwz(x) + (n3/x2).(x2 - 1)2

where 2(x) = (22 - 1)F(x)/2x (4.9)
This equation we solve by the method of successive approximations, setbting
2 e g (4.16)
. PR <+ 9. —""L C ) 2 f
¢ . kf@ge, € oy () 4E
(. 2 Iy e h .
;3'&(*) +nNw, o+n e =

e (n :Fo\r‘a\me'(”e(‘ “\‘v\«{“)

“5‘"‘7‘"?:'71 g
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Designating max/f(x)/ by‘M ond max/v
we will have the evaluationt
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o O §2, in the interval 1+ e L% L oo

. Iads
B A—gLJ// - /,?3
- et - A
2 T —ark(®) ;
2 5 2 k) (X—1) S e ?JE 3
N . max\ L ' ;
“Qm+l— /7 57 //;ng 1 ‘J@”’ e = K ' ‘ |
— Since El/( EZ - )2 is & nonotonically decressing function, then we have:
2 00
enmt((y) (K= N gooe’ wk(%) CJE eh’)-k(x) e N= g e:n'l k(i)kl@)_?__?:o__\,é < _\.._L
DA A , 1= —
XE Jy 5 x* % (DA
Donsequent 1y, a
M M *
Qr: T T ‘gl‘z‘ma-\é ?3+Qng?/m : (k.11)
Let us consider the following series of relations:
| 72
™M \( -_ r\-—/-’"'}*' Q.h\\/w\
\f/| — ;\-:5 ) y e n>

y the method of iterations the following

This series is formed 'when one solves b

equation:

Y= M/n3 s+ 2n.Y?
and converges,if this equation possesses # real roots, to the least root. From
the condition that the rooks be real we obtain the fact that the iteration

process converges if 8M/n2 is less than 1.
2 4 Lx 1

Since we have £(x (" 4 20X ===t
) £ 2x(x° - 1)3

-2/3

nted in the form X - 1> n .

the condition 8M/n2 &1 can be represe

22 < T we shall have

T
¥ < YT ke - A[(1/160% - W20 ) < [0

For fulfilment of the condition 84/

and consequently e fortiori we have 52/ < 2M/n3 . It immediately follows from
the finitehess (44 oundedness) of 52 that the method of successive approximations
15 convergent. Actually, from (4,13) we have

max/ Wy, 1 - wy/ < Lot mex/vy, = Wp 1 /

and consequently the series
Wy * (w, - wl) v (v, - w3) Foaees

2 < 1 gnd thus the sugcessive

s if oY < 13 that is, also for BM/n
tion (4.8)

m;zx}ly toward the solution of the equa
3 ig fulfilled.

converge
approximations converge unifor
when the condition ¥ - 1> 0

Finally noting that Wp ., 1 = Wp o) 0(1/11(21'n * 3)) and that f£(x) and each
w_(x) are expended in asymptotic Series in n , we conclude that the functions
w'(lx) and hence 17(x)  are expanded in asymptotic series in powers of 1/n.
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4 immedialely from the dlf-

This asympbotic expansion 1s mostly easily bhtaine
forential equation (1.2) by setting 1 D _om
P(x)mg - 2.0y B (2w (1.12)
Rl on
which glves
P (x) = x/(x2 -1, P= = Pc,Pg,/(x2 -1 =- x( % + 1)/(x2 - 1)”
e . -
4.13)
_ 2 b , (
TIRC NG 20 P 7 ()

1t is easy to convince oneself th%‘c the functions ‘Pm(x) possess for X 1a
M4 1 and consequently the series (%/%1)2)

singularity of the form 1(x - 1)
preserves its asymptotic chhracter for the condition O(x - 1) \ O(1/x
the 1limit of convergence P(X) will

We note that in 'oh& 8assage to the function
nave the order 1/n /3,

1on according to the glven initial conditions.

tain the solutio

able to oD n up to values of
-Jt/n(x2 ~ 1) by a megnitude of the order

to obtaln the solution for

Tet ue seek the solub

s sections we were
the line P =
rticular we were able

In the previou
not reaching up to

of log nf nJ, In pa

- - ! -
P=P " iré?_ ) ¢ 0
by a magnitude of ¥

2

ne order log 1/ .

Here =x will aiffer from &y
Thys we mast construct in the domain 111 a solution satisfying the condition
s hence 5
= 0(1/n®) N 0

for X = X5 P = Po
° p, - F/n(%> = 1)

We shall seek the solution in the following form'
olx) = P(x) + s(x) (.10

o for the @reek letter sigma) we obtain the

Then for s(x) (note:
following gguabion - 2 -
P(x)s'(x) * [P + n(x" - 1)_Js(x) = - s(x)e'(x)
T m(x) to the integral
- L
o= 5,282 w0 N [0 e~ ¥ ]
SO n? 0o an @ (4.26)
X 2
% s o oo
n? (o g o m@é@j 57(£)d%
an (%) o -
are uged %o distinguish

1oving designations (note: n and B
ter n and M when used in summations a8 previoﬁsly.).
< (4.27)

" S" stand.

(4.15)

which we reduce just as we aia fo

where we usé the fol
them from ;,he parame

2
r—! ——n 0 s, = S(%)= i
mwS;;w% , nOO yo T TR N
%o
From the expansion 1t follows that . . o 4
- —O(! (4.18) &
wm (%) ';O(J) p e A S O(')7 ) %
' q
Exactly in the same way one cen calculate fwom the initial conditions for P that ?{{
¢ = 0(1) (or even less). Let ug assume now that 7
_n2en(x) waf |
+s(x) note: the underlined "s" is used %
tigma.) |

s(x) = 2n(x)'e
to distinguish it from

TS

for s(x) we obbain the equation
s(x) = /% 4 2s2(x) o ) 4 nB-I_rZ(xri “m @ ety SO (410) ?

ks
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1Q, R = u*Q— Q |
Qndu""‘—Q’i-—"qu Q\du (Cj (gq—)

.......

Qi — Qb= UG 5 Q Bme-r

/]
du o - ,
Ae for the initlal condit\igris for Qu(w) they are determined later o2 from the

condition PhoHE that the solution join the a3lution in the domedn III.

1ot ue find the golution of equation (5.42) . Setting Qg = au/ aT (note: here the
capital letter wpt gtends for tne Greek letter tyau't) and after substitution and

integrabtion i guccession we obbain:
gPu/an? - 2ndn/dl b1z0, aufar - ¥ ¥ 2 =0 (5.5)

: : (the constant of integration we shall yalce equal 4o zero in vbew of the arbitra~
i x riness in the selection of the variaple T)e Tya equation (5.5) is & Riccabl

equablon. 1t reduces to the equation 2
a2vjan? - Tv =0 (u= - av/val)

the general solution of which is
v =“/6‘[‘—’1K1/3‘2/3T3/?') s c211/3(z/3m3/2ﬂ (5.7

For conjunction yith the solution of P(x) we must require that Qo = gu/aT ¥ 0
for u >0 3 that is, from (5.5) ve obtain that >o0 for T > - This

o dition is satisfied oy Dy the solubion A 5/
vz o VT Kl/3(2/3'1‘ ) (5.8)

Making use of the will-known relations of the Bessel functions we get

K'm(x) =Kp .1 (x) + Km(x)m/:: , E_pl®) = Bl x)

and obtain for u the golution P 2
u =4I K@,%)/?(Z/BTB/Z)/ K1/3(2/3T3/ ) (5.9)

Por negative values of T 4t is more convenient tO represent the formule (5.9)

in the following form (7 = 1)

% 2Tl Py T (5T 510
TR BT Rl S
=u -7 resulis 1mmediatelys and. using the

' ‘ According bo (5.5) the quant ity Q = \
i asymptotic expensions for the Bessel functions, it easy %o obtain the asymptotic

egpansion for Qw. We have:
YT (1 - w32 )

Qp = 2 or=1f2VT ke ~ 12w
A more complete asymptotic expagsion is more easily obtained imediately from
(5.k8) - We have | | = " 539
N o — = _— P g 2 ~»
QoW = 20 gud—""azw’ Fue Tz (512
Por negabtive values of T the demominator in the expression (5.10) will be converted
to gero. Leb U jesignate by 2 (note: used for alpha) the 1east root of the equation: ;

J1,3(2/3T13/2> " J_1,3(2/3w13/2> = 0.

Farther sccording o (5.6) w= = v/val or

Thepn W 3y = oo for Ty * 2 (rq ¢ a) .
imple pole with 11geduoti bn® equal

u = dv/vdTl 3 therefore has for Ip = 2 a s

to unity end consequently
wz 1/(Ty - @) % holomorphic function .

= ay Ljude and consequently for u M =00 we have

%ﬁﬁ% %=u2+a+1/u+
—9—

Declassified in P: ;
art - Sanitized C
opy Approved for Release 2012/05/15 : CIA-RDP:
. CIA-RDPE2.00039R000200020046-
00020046-8



il

A more detailed calculation glves

-2 Va1 ) ,a
G =W t et b =T R TR Y (5.12)
24 _ L3y L4
Vque T A ‘+) u'l+
%e’ouug now take up the determmation of Q,l(u) . The general solution W#uof
5,4b) will be @ A -
° (5.14)

I‘o;zﬂ/%onjunct‘lon ## with the somutign of P(x) we must require that the cuantity
-

Ql(u) e bounded for u= 0(n ) .

Using the asymptotic expension (5.12) it is easy to obtain for the constant of

integration ¢ the value w( )[ 2 /
c= =\AW/w - uf¢ hdu
Hence finally we have I o »
Ql(u) = A '(u)g A(u)(u/Q,o - u)adu
For Ql(u) we have the expansions u
for U 309 g (w) ¥ 1/k - 1/68 & 0(1/07) |
L3 a | ben |
R A S

where

00 ) u3 .
o= AW T3 é‘;‘%:ﬁ%’ﬁ*%@ Loy (o ) A,

Al-e0) =<0

The solutions for the remaining functions w31l have the form:
oo

m
Q1(w) = A“l(u)S Aw) [kZ QA% , 1 _k/au_uqu]vdu/qo
u “k=1

(5.15)

(5.16)

(51T
T
oty ieem 3B ()

(5:1%)

(5.19)

where the constants of int?éf%&on are determined from the condition of bounded~

ness of the quantities o Qpu) for u= o(n®).
The asymptotic expressions for the functions Qm(u) will be

flor U » +o0

(g_l—LO>

m«lu\““

2
Qo -S+0@s), GO 2 AO(E) s QX D e

u—>—c°
b o

MM "'—'L""L'- Zéd ‘e
Quliy= U bo +:§iu+0(«—ﬁ—)) Q=g 2 Ut

(520

Generally the main singularity of the functlons Q,m(u) for uP =< beginning

with m= 2 will be QmNu“‘

These results sbow that the serles (5.3) preserves its %%mptotic character up to

values of u that bounded by the condition 0(/u/) ¢ O(n
of x satisfying the condition o(x - 1) 40(1) and thus the domains in which

) that is, for values

solutions (5.3) and (4.12) are applicable interconnect. As we have seen the same

holds true for the solutlons (5.3) and (2.1).
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6, Conjunction of the Solutions for the Domains I and 1V. Let us return to the
first part of the domain T. We must join the golution of (2,1) with the soliition
#ﬁ of (5.3), in which for thel} tter w it ls necessary to take the quanblty =
n?/3(1 % %) end set p = 41 Au) . :

for = - 1 (u=0) then the constant ¢
2/3 (for ¢ = 2/3 we will have £,(-1) =0 ).
’ﬁ The order

of magnitude of g can be determined at once; since p(-1) = then 4,3
ng will be of the order of 1/n and consequently we will have &= o(1/n"/7).

First of all we note that since ps 0
in formula (2.3) must be greater than
Tet us set ¢ = 2/3 % & (note: this underlined Hgh stands for gam ).

o( 1/n17‘%)v

values of x the expansion (2.1) is applica-

Let us now clarify up to what negative
¢ = 2/3 . Increasing the constant ¢ leads

ble., Let us consider the case where
only to improving the gonvergence. For ¢ :2/3 we have:
f(x) = 2/3 4+x - x /3= (1/3)(= + (2 - x)

X
£,(x) = _j xax/f, = -1(x+ 1) - (2/3) log(x + 1) (2/3)-log(l -x/2)
0

From the system of equations (2.2) it is easy now to find that in the neighborhood_of
x = - 1 the main simgulerity of the functions fm( %) has the form £ x)~(*/s+l)"“""‘7'7 ;
and consequently the series (2.1) preserves iti/%symptotic character up to values

of x satisfying the condition o(x 4 1)}0(n" ), (which corresponds to the
velues u S 0(1) ), and thus the domaing in which the expensions (5.3) and (2.1D

are applicable int ersect.

In particular the asymptiyic convergence of tlfll expansions (2.3) end (5.3) is en~
sured for x=- 14 1/n 3 (u= wHEE -1 3y and thus_the constant of integra~
tion ¢ can Dbe determined Dby equating for X = - 14 1/n the values of P
obtained from the formulas (5.3) and (2.1).

o2 z -t e ~Lw 'l
S EQUT D= NI L1403 (¢ D

.

L
n 3

W =0
We shall not conduct here fairly large-scale computations but merely elemﬁ\g‘cary ones.

Using the expansions ## of the functions Qm(u) for large negative values of u
(formplas (5.13), (5.17), (5.21) ) for the left cide of the egquakbon (6.1) we obtain

the expression:
L

) -

.t 3 + - _ . ~E
o (1R )= o= Han P =0 by (5=

(8 j
v/ (1= )
£ the flﬁnc’: onéqugx) i%”the x?eighborhooéoé%)

On the other side, the expensions o
the empression @

x = - 1 give for the right cide of the equation (6.1

¥
>

\
P

- T
~3 5 ) _n L e R VA X
N ) p - (+=dmge)n — X N
p(-1+n )= -7 +(1tslgg)n =g - (6.3

2.
_

z
AT A (1) gl 4 (F )T

The written terms of the expansions are gufficient for the getermination of g
with an accuracy ## up to the magnitude of the order of l/n )

we obtain the equation for t§73determ'1nation

Touating the expressions (6.2) and (6.3)
we obtain:

of g_ . Thus with an accuracy up to the magnitude of the order of l/n

g= a/nh/3 - Wlog n/9n & (by - 1 - % log% ). n"2 4 O(l/n8/3). (6.4)

— =
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7. Determination of the Amplitude of the Steady-Btate Self-Beiited Oscillations.

After the determination of the constant ¢ = 2/3 + g it is easy to compute the
root x) of the equation fo(xl) = 0, The solution of this cubic equation can

be represented in the foldowing form:
NI S A S
FE-TE TS
and substitution of the value of g gives:
A & 'FQg-y\ | 'Z_’Q( % -2 -2
~ — — o o | — =n n 3 T
XN 2+ NI z*?"‘réf'*‘z(b?' 5495) N =+0 (1 3) ay
after which the equation (3.9) permits one to find the amplitude of self-excited
oscillations, Computations give:
- & : ) ' ; -1 -% 1
am 2+ gnio %%@g-;-; <3bo-»+2b52~$trf33)n +0(n7%) (7.2)

8. Determinatitn of the Period of Self-Excited Oscillations. The period of self-
excited osecillations is comp&ted according to the following formula:

T =2 S ax/p(x) “(note: this T is not the same as that
la used previously for "tau',) (8.1)

Let us limit ourselves merely to indicating the method of computing the period
without actualff conduction of calculabions,

#F Let us divide the entire interval of integration into five parts corresponding
to the various domains:

1) from -a to - according to the domain II ( this part of the integral let
us designate by %E )s here x5 is the value of x obtalned gecording to formula
(3.2) for values of q equal, for example, to (1-Baf(a*-1).

2) from -x, to -(1 4 1/nl/j) according to the domain III (this part of the
integral is designated by the letter TB)'

3) from -(U4 ﬂJb ) to ~(1 l/nl/j) according to the domain IV (this part of
integral is designated by the letter Ty ).

Ly grom -( 1 - n'1/3) to x* according to the domain I ( this part of the
integral is designated by the letter Tl ); here x* is determined according
to forgula (3.6).

5) from x* to a according to the domain II (this part of the integral is design
ated by the letter T', ).

The total period T then will equal T = B(Ty 4 T'y § TV, 4 T3 4 Ty ) (8.2)

In each of the intervals we substitute in flace of p the corresponding
expansions (in the domain II replacing the variable of integration by q and
in the domain IV by w ). Using the evaluations of the singuddrities of the
functions carried out for each domain we easily determine the necessary nunmber
of terms of the expansions for obtaining the period T with given accuracy,
after which the computations reduce to a computation of the integrals.

Let us conduct the results of computations with an accuracy up to the quantities
of the order 1/n inclusively:

—_— |
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6
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e et A Ly 5Ot D (o)
fN \f/r_n ) . _ _¥ ({
T 5 L v 0 () (rie)
[N Loy _£ -7
<l 22 0 (L) (#7)
) + a L 3 o7 -% ) |
T (Z-hy)a-n T e Pt B gy
v i
(Shrtlpr fhaFIn™+0075) (r9)
i _J
’D”"‘J‘ °’___,L+Q+L n 7 ﬁm‘% lﬂﬂ/"l"l A —»H)m" PR 4
3 o T W +( ~d) 073 (59)
where

Oy M- % b Ut
=g of (75 b Gt o

Consequently for the.—total period of oscillation we obtain:

£ 5 (5 2l0g2)n 4 3afat/? - 22 Lok n/9n ¢ (311og2 - 1083 = 3 645, - gy
~ 5 s/ / ° o3 =3 ¥ o?l/ngﬁ). (8.11)

Let us determine the numbrical velues of the coefficients of main formulas:
\ oy _
PR 2 2.338107 b, = 0.1723 4= 0.4889

-9
p(0) &) 28/3 % 2.338107/0%/ 3 -%’fﬁi}f ~ loago/n+ 00" ’)

x‘v\ | q'l - k
Latin TN g 9 —+0.779%L _ -'—1% ﬂﬂi"’—-— Ol$“7¢1/741+' o(n /3>
"

» . L UL M ~-%
— 1 7 2 3 -
T= 617 06N +7,01Llfz,/m 5 5 ~+0,0(35’i/n -+ ).

o

We have carried out here an asymptotic solution of the simplest squation of non-

linear oscillations in order that we might carried out to the end the calculations.
But the method used here of introducing "gonnecting" domains is not limited to just
this partial case and can be employed forkmore general equation of the type:

51y
i2x/at? - oll(x, dx/at) 4 Plx) =0

for certain 1imitations on the function If(x,-p‘) . The connecbing domains will be the
neighborhoods of the 1ines ¥(x, p) = 0. If in the junction point of the line

¥(x,p) = 0 the expansion of the psi function Y in a Taylor selies heging with the
term 8lx - Xo)p where 2 i1s a numerical coeffickent then the main solutlon for
the domain IV remains withoub variation, since setting in the neighborhood of the

'junctuyre point :I:(»(-—-Ya) Y‘r;%: u, F‘:: + \m"/3© (V‘)

-

ST
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we obtein for the main term of the expanslon the equation
QoQp' - auly + pix,) = 0 (note: gl here 18 a Latin letter)

which reduces to (5.4a) by the simple substitubion
1
o =L 2¢2(xo)/a)1/ b, ws ( 02/ u¢<xo)) EN ("al is Labin)
S, An BExample, In conclusion we give an example of solmutions of the equatiom for
n = 10. TFor this case the asymptotic formulas deduced glve
p(0) = 7.5%0 , a= 2,0138(4"is Latin) , T = 18,831 . In figure 2 is the

gragh of the function p(x), in which two terms of the expansion for each domain
were taken in the computations:

for domein I+ p(x)mnfy(x) % fl(x)/n

formiomain II:  x ~a & Xy(a)/n? (notd: "X" is chi)

‘for domain III  p RBy(x)/n ¢ Pl(x)/n3

for domein IV: p = Q,o(u)/nl/3 ¢ Ql('u.)/u

The values of the functions Qo(u) and Qp(u) are given in table 1.

In figure 2 the computed points corresponding to the formulas of domains I and I1I
are drawn as as cidcular poonts and the points corresponding to the formulas of the
domains I1I end I¥ are represented by crosses.

The scale for p on the interval from -a %o =1 is magnifidd ten times in com-
parison with the scale of the remaining portlion of the curve.

Submitted 17 April 1947
(English-language summary of the Original)
The peper presents the solution to equation d.zx/dtz - n( 1- x? )ax/dt + x =0

The entire cgcle of the oscillation in the coordinate system p,x (where p:dx/(lt)

is divided into four parts (domains I, II, III, IV in figure 1). An symptotic

series in terms of powers of 1/n is established for each domain. For domain I the ##
expsnsion (2.1) holds where the functions fm(x) are determined from the recurrent
system (2.2) . The seles (3.3) holds for domein 11 , functions Xp(g) (where nxn
stande for chi and g = -np) being determined from system (3.4) . The seles (4.17).
is valid for domain III, dunctions Pp(x) being determined from &731 ) and the seies
(5.3) hol%? for domain IV, where functions Qp(w) (where u =n x - 1),

p= - Qn 3'Y are determined from the system (5.4) .

The intervals of the variable x for #hich the different asymptotic series are®
valid cover each other making 1t possible to connet the solutious obtained for
different domains (that is. to determine the constants of integration entering
into the expressions for functions Ly(x) i and Xp( q) ) .

The asymptotic expressions for the amplitude of steady oseillation (formula
Foo{yw.(-e.\('i.’i) and for the period of oscillation (formulk (8.12) may now be found.

e - - -
I \’:mﬁm"""‘ﬁ(")mz"‘“‘h@‘)“" q"'“j ;f,(x)zc;r’:x——g oS

- Rl = %) #3300~
___._,_end' . T‘(‘) ~;‘)‘{:—' [mel—él)_lipm___fm?—"%}_fm]

-2 ~Y 1 ) ‘

, - (~raydm o 4 M=, 2 3 (-Mzifw 1 —oaifine '

g x:xo(-my) +)<.( b)) M XS ﬂ = #‘J [M:‘ Gt o (r.‘—nﬁ]
. ;» ,:frg +0FK):C"*)<‘"§ =O)C>2~;) .

T
G oy~
my-F S (1= Y]
CM“"‘ P L 47‘(,( PR ("M‘J)ﬂ ‘@v\(l-éww)[ﬂbﬂ))
e[t S T (A =260 e TR
' a1 ar ‘ Spostog R
(w«(«\,tmf. A, vt ‘!rq-'\ whwh V=0 (e1ve) 't:%f‘-,}—ff:h A ("q';‘:-"ér'\i))’

'

B U 2y -
Ve —m [RO+ R R ]

P‘ (<) v — X<

(x2=u
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we|obtaln for the main term of the expanslon the equatlon {
QQy' - auQy + P(x,) = 0 (note: "a" here is & Latin letter)

which reduces to (5.4a) by the simple substitution

& = [2¢2(7‘o)/a)1/3% ) w = (9-2/ W(xo))lmu . ("al is Latin)

9, An Bxample, In conclusion we give an example of solutions of the equation for
n = 10. Tor thls case the asymptotic formulas deduced glve

p(0) = 7.540 , a= 2,0138(4"4is Latin) , T = 18,831 . In figure 2 is the /

gragh of the function p(x), in which two terms of the expansion for each domain
were taken in the computations:

Gl f‘,j‘ﬁ“' for domain I: p(x)mnfy(x) + fl(x)/n ;

i for momain II: x Xoa 4 Xl(q)/n2 (not8: "X" is chi)

‘for domein IIT  p APy (x)/n § Py(x)/n°
for domein IV: p R Qﬂ(u)/nl/3 ¢ Ql(u)/u

The values of the functions Q(u) and Qy(u) are given in table 1.

In figure 2 the computed points corresponding to the formulas of domains I and III
are drawn as as cibcular poonts and the points corresponding to the formulas of the
domains II and I¥ are represented by crosses.

- f The scale for p on the interval from -a to -1 is magnifikd ten times in com-
4§ varison with the scale of yhe remaining portion of the curve.

Submitted 17 April 1947

(English-language summary of the Original)
The paper presents the solution to eguation a2x/at? - n( 1- x? )ax/at + x= 0

The entire cpcle of the oscillation in the coordinate gystem p,x (where p=dx/dt)
is divided into four parts (domains I, II, I1I, IV in figure 1). An symptotic
geries in terms of powers of 1/n is established for cach domain. For domain I the ##
expansion (2.1) holds where the functions fm(x) are determined from the recurrent
system (2.2) . The seies (3.%) holds for domain II , functions Xp(q) (where "X
ctands for chi and q = -np) being determined from system (3.4) . The seles (L4.17).

: is valid for domain III, dunctions P,(x) being determined from gy 18) and the seies

o (5.3) hol%? for domain IV, where functions Qp(u) (where u=n 3 x=-1),
—i8 = p= - Qn 3') are determined from the system (5.4) .

The intervals of the variable x for ghich the different asymptotic series are#
‘ valid cover each other meking 1t possible to connet the solutions obtained for
: e different domains (that is. to determine the constants of integration entering
into the expressions for functions £(x) o and Xnla) ) o« |

3;"'v - The asymptotic expressions for the amplitude of steady osgillation (formula
FootnoteN(7.2) end for the period of oscillation (formula (8.12) may now be found.

o - - 3
. = (<) 4= (x)m?‘.g_ m L*-,L... NG =CH+X—3 . U e
T: =M H +f1 '%7_ —end~ ] Af i‘z _ % [zm((—)&) " (’LH‘AOH(X.-«)]
. P T St T
-2 - 1 & . X
! - ~ N N AL TR it '
= X‘?Koc““‘@ +7<'< m\ﬂm +7\‘( mr)m - = (Y.L—U)ZLM%(;;.*—ID? M(@x?—n)a
. 3
whan =0 L t (et o fozcHx=F =0 ¢ >3) .

| 3 a o Ny T
Y, = = [ m'\/'?'a?m‘m =2 ¢ )_—] . ,
LA oy “ )~ 2(4 T ey
L Yem [ AL T 2 +2a, (o) -2 =) T

. (_w;{]{% (1= émey (af=1))

Ay
X = =2 _d(a v w1
z 7T () FTONN, S8
/ Al - TS . 4 3 184
SRS . '? g_\x‘?\\ Corbnane gy vakos o whne V=0 (21%2) ; %ﬁ{%L) :M‘(s\@;‘:"‘csmv))
R L - RO L et ‘
- | 0, D A “‘l
i RV L’POC;()—FP‘(\Q‘M FR e e |
x i
S i 3 o= oo AG
H(x< 1)

?\ S S s

; sotnste]
) ‘,:“"u:‘v:\/;(\/,—’ﬂ o ):Om/( 0"/ fa =

R s A .m/u) -
TV \, Declassified in Part - Sanitized Copy Approved for Release 2012/05/15 : CIA-RDP82-00039R00020002004"6-8' e



R e

_Teble (.

ka2
pisieins
IEY

]

: ,"__Zgé/ e 0{/7/ wetions CGcul and &, (u)

| \
Declassified in Part - Sanitized Copy Approved for Release 2012/05/15 : CIA-RDP82-00039R000200020046-8

‘l u 0.0 | 8w [ @ ! @
| —eo  |zrirv7 | —73.024/% 0.0 /0187 1‘ 0. /567
-5 J 27'__/__{.“3? | -2 gz./ém 0.z ’: o.s4zy ,l 02149 |
v sems |sme3ll ow 070 | owio
oy lisud |mgesse |l ec | og10d o ”;f
e iswwr | kews || og ey o8
2y ‘r/?,c’éo’ﬁ \ —13.90% || po 0433/ | 02771 \
2.2 ‘ 1229 i Tl H\ A 0. 37758 1 01 TYg S
o276 | =F1€979 Loy 0337¢¥ | 02T !
:j;_%:/_z_&éﬁ_!,_,:lﬁ:f;-_i__ pe o | oA -
CCze | goden  mUss9vll nF ot | O'Eifi‘;._i
_______________ 7, 7?_3_5_;#:__‘3431_?[}1_&_ Lo 012432 § o477
5, /0¢ i -2, 1190 %\ 2.¢ 0, 1597 Mt
U qsrys L —pieuss '\ uy L onael [T
2,735 | l\ _/V 379 %%'—"'“;““g“ L oesz ¥ o zr_ao |
%1___?5_/,! S’_&_%Sa#u..k,: 0. 1395 HL 32 o ass! .0 2£00 [‘
| 2,047 | — o434 ] | BEL A ol | ‘ 0,25%° |
T et | —eese || e | ou3sl | o eseo
" b [ S’Z“f‘/‘_,‘_ﬁ_.-," Qs E \; 5 0. 1310 | 0. 2590
/:S;;q/ : ~+ 0,066 Y 1 \ e 0. 1298 \‘x 02870
L3z | %3 i |
Jeizz to/seq U\ %l
“ ?

Declassified in Part - Sanitized Copy Approved for Release 2012/05/15 : CIA-RDP82-00039R000200020046-8




s i X { v
| {

Declassified in Part - Sanitized Copy Ap proved for Release 2012/05/15 : CIA-RDP82-00039R000200020046-8
/ ! 1 :

1O+ 4/0 |

\T

Declassified in Part - Sanitized Copy Approved for l‘?elease 2012/05/15 : CIA-RDP82-00039R000200020046-8 i L : A



